The nonrelativistic Schrödinger equation and the relativistic four-component Dirac equation of H 2 + were solved accurately in an analytical expansion form by the free iterative complement interaction ͑ICI͒ method combined with the variational principle. In the nonrelativistic case, we compared the free ICI wave function with the so-called "exact" wave function as two different expansions converging to the unique exact wave function and found that the free ICI method is much more efficient than the exact method. In the relativistic case, we first used the inverse Hamiltonian to guarantee Ritz-type variational principle and obtained accurate result. We also showed that the ordinary variational calculation also gives a nice convergence when the g function is appropriately chosen, since then the free ICI calculation guarantees a correct relationship between the large and small components of each adjacent order, which we call ICI balance. This is the first application of the relativistic free ICI method to molecule. We calculated both ground and excited states in good convergence, and not only the upper bound but also the lower bound of the ground-state energy. The error bound analysis has assured that the present result is highly accurate.
I. INTRODUCTION
Schrödinger equation ͑SE͒ is the most fundamental equation in the fields of quantum physics and chemistry, but its solution for general system has long been thought to be impossible. 1 However, recently, we have proposed and developed a general methodology for solving the Schrödinger equation in an analytical expansion form. The methodology is based on the study of the structure of the exact wave function. [2] [3] [4] The iterative complement interaction ͑ICI͒ method was proposed to construct the exact wave function but it included the integrals of higher powers of Hamiltonian, which diverge for atoms and molecules for the existence of singular Coulomb potential. This singularity problem has been overcome by introducing the scaled Schrödinger equation ͑SSE͒, 3 which is equivalent to the original SE. The ICI method and the free ICI ͑Ref. 3͒ method based on the SSE converge to the exact wave function without encountering the singularity problem. This has enabled us to calculate highly accurate solutions of the SE of various atoms and molecules: [2] [3] [4] [5] some were actually the most accurate solutions of the SE so far obtained. Not only the energy but also the nuclear and electron cusp values and the local energy were shown to be highly accurate. 4 Furthermore, due to its simplicity and generality, the ICI and free ICI methods have been extended to solve the relativistic Dirac equation and the Dirac-Coulomb equation, and accurate solutions of the oneand two-electron atoms have been reported 6 but applications to molecules have not yet been done. Here, we describe our ICI formalism for solving the hydrogen molecular ion ͑H 2 + ͒ at both nonrelativistic and relativistic levels. H 2 + is the simplest molecule and recognized important as an interstellar molecule. Quite accurate descriptions of this molecule have been necessary for the assignment of astronomical spectroscopy. 7 Extensive nonrelativistic studies have been done for many years and the exact solutions of H 2 + and other two-center one-electron systems have been presented [8] [9] [10] in analytical expansion form. Relativistic calculations were also made by various methods [11] [12] [13] [14] [15] [16] [17] and the major emphasis was the accuracy of the calculated energy: in particular, the finite-element method 11, 16 ͑FEM͒ and the direct perturbation theory 12 ͑DPT͒ gave accurate results. To date, the FEM result has been regarded to be most accurate in energy. However, in these calculations the variational property was not guaranteed. Further, the FEM does not give an analytical expression of the wave function covering all over the coordinate space. Though there exists the calculations using Gaussian-type orbitals 14 and Slater-type orbitals, 17 their results were not as accurate as those of the FEM and DPT.
In this paper, we present variational solutions of the nonrelativistic SE and the relativistic Dirac equation of H 2 + in analytical expansion forms by applying the free ICI methodology developed in our laboratory. Further, in addition to the upper bound energy, we calculate lower bound energy from the calculated wave function, which guarantees that the present results are highly accurate.
II. THEORY A. Definition of the system
The SE for the nonrelativistic H 2 + is
where the Hamiltonian is given in the Born-Oppenheimer ͑BO͒ approximation as
a and b denote two protons and R is the internuclear distance. Owing to the BO approximation, this three-body problem is converted into a two-center one-particle problem, for which one favorably uses elliptic coordinate.
In this coordinate, the kinetic operator is written as
and the electron-nucleus Coulomb interaction operator by
The Dirac equation for the relativistic H 2 + is written similarly to the SE ͓Eq. ͑1͔͒ and its Hamiltonian is defined as
͑6͒
where V represents the electron-nuclei attraction potential given by Eq. ͑5͒, p =−iٌ is the momentum operator, the Pauli matrix, and I 2 the 2 ϫ 2 identity matrix. In all relativistic calculations, we used c =1/ ␣ = 137.035 989 5.
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B. Free ICI method
The SE can be written equivalently in the form of the SSE ͑Ref. 3͒ as
where the function g͑r͒ ജ 0 scales the singularities of the potential to be finite. The choice of g in the actual calculations will be described in the next section. The simplest ICI ͑SICI͒ based on the SSE,
is proved to become exact at convergence 3 without encountering the singularity problem for the presence of the scaling function g. When one uses variation principle, the energy becomes lower and lower, is bounded from below, and is guaranteed to become exact at convergence, so that it should converge to the exact solution. The free ICI method is defined by gathering all the independent analytical functions from the right-hand side of Eq. ͑8͒ as ͕ k ͖ ͑n͒ , k =1, ... , M n , and giving independent coefficient to each function as
Because of the increased freedom, the free ICI method converges faster to the exact wave function than the original SICI. The variables ͕c k ͖ ͑n͒ of the free ICI wave function are calculated by applying the variational principle to Eq. ͑9͒.
Since the ICI formalism is guaranteed to reach the exact solution, this free ICI method gives the best possible wave function at each iteration cycle. Note that in the free ICI method, the next iteration cycle does not require the variables ͕c k ͖ ͑n͒ of the former cycles, so that n may be understood as designating the order rather than the iteration cycle. One can get the nth order free ICI functions ͕ k ͖ ͑n͒ directly from the initial function 0 by applying the operator part of Eq. ͑8͒ n times. The accumulation of errors during iterations does not occur in the free ICI calculations. For the determination of the variables ͕c k ͖ ͑n͒ , the secular equation should be solved in high accuracy. For this purpose, we used the GNU multiple precision arithmetic library 19 and the symbolic operation program, MAPLE. 20 In the free ICI formalism, we have a freedom in the choices of the g function and the initial function 0 . The g function should be a functional of the inverse of the Coulomb potential, from its purpose to eliminate the singularity of the Coulomb potential. The initial function should have the symmetry of the state we want to calculate: because the Hamiltonian is totally symmetric, the symmetry of the generated functions is always the same as that of the initial function.
The Dirac equation can also be written in a scaled form as
where the scaling function g, which is scalar, is defined similarly to the nonrelativistic case. The SICI for the Dirac equation is defined similarly to Eq. ͑8͒ as
and the free ICI by
with C n and c k here as four-dimensional diagonal matrices and k as four-component spinor functions.
Unlike the nonrelativistic case, we have to take "variational collapse" problem into account for the Dirac equation. Many studies have been explored to overcome this problem 21 and various methods have been developed. Generally, the variational collapse has its origin in an improper limited representation of the wave function: if the description is enough wide and proper, it should not occur. 22 Actually, however, such description is not an easy task as stated below. Hill and Krauthauser 23 proposed an inverse Hamiltonian method to guarante the Ritz-type variational property in a rigorous sense. Previously, we applied this method to solve the relativistic Dirac-Coulomb equation of one-and two-electron atoms. 6 In the inverse Hamiltonian method, the Dirac equation is rewritten as
Just like in our case of the inverse Schrödinger equation, 24 it is easy to show the equivalence between the original Dirac equation and the inverse one. For the inverse Dirac equation, the lowest positive energy state ͑corresponding to the electronic ground state͒ is mapped to the top of the spectrum, i.e., the highest solution against the complete vacuum and, therefore, the following Ritz-like variational principle holds for the inverse Hamiltonian operator
where is a variational trial function for and E 0 is the true energy of the ground electronic state. Here, a difficult problem arise, that is, how we write H −1 explicitly in a closed form. A clever trick was introduced by Hill and Krauthauser and enabled us to avoid the explicit use of the inverse Hamiltonian. Namely, we choose our variational function in the form of
in which represents a free variation. Then, the variational equation above is written as
and all the quantities can be calculated without an explicit use of the inverse Hamiltonian. At the diagonalization step of the relativistic free ICI, we utilize the above Ritz-like variational equation to ensure the bound property. However, the choice of the trial function in the form of Eq. ͑15͒ imposes some restriction on , since must be square integrable. The existence of the singular potential in H makes the basis function form of to be more limited. In addition, we calculated the following expectation value
using the eigenvector calculated by the above inverse method. We call this energy as inverse-regular ͑IR͒ energy. Since of Eq. ͑17͒ was calculated with the use of the inverse Hamiltonian method that avoids the variational collapse, the energy expectation value of this would be reliable. To distinguish IR energy from this, we call the energy calculated by the inverse method given by Eq. ͑16͒ as inverse-inverse ͑II͒ energy. Throughout the paper, we call these inverse Hamiltonian-based methods as "the inverse method." On the other hand, we may also use the ordinary variational method based on the standard regular Hamiltonian. We call such method "regular method." The energy calculated from the wave function of the regular method has the form of Eq. ͑17͒, so that this energy may be called regular-regular ͑RR͒ energy. The IR and RR energies are not bounded from below but have the following interesting features characterized by the ICI method.
It is well known that the Dirac equation connects the large and small components:
22 the exact connection is called "atomic" balance and an approximate one "kinetic" balance. So, when one imposes such balancing condition between the basis sets of the large and small components, one can avoid the variational collapse. Actually, in our free ICI formalism, the correct relationship between the large and small components is imposed between those of the adjacent orders: 6 within each order, the relationship is approximate, so that this balancing does not help much initially at low orders, but as the order increases, it approaches the correct balancing. We call this balancing as "ICI" balance. Thus, within the ICI methodology, even the ordinary variational method based on the regular Hamiltonian may give correct variational solutions as far as the order n is large enough. On the other hand, the II method is always guaranteed to have the bound property as expressed by Eq. ͑16͒.
C. Calculation of the lower bound
All types of the energies given in the previous section correspond to the upper bounds of the exact energy. If we can calculate accurate lower bound of the exact energy from the wave function we are at hands, we can estimate correctly the error bars of the calculated energy. From this point of view, the calculation of the lower bound is as important as that of the upper bound and so, many researches for the lower bound have been made ͑see, for example, Ref. 
͑18͒
In spite of its importance, the calculation of the lower bound is not as popular as that of the upper bound, because the calculation of the integral ͉͗H 2 ͉͘ is generally more difficult than that of ͉͗H͉͘. Additionally, it is known 26 that one cannot obtain a lower bound as accurately as an upper bound unless we have a quite accurate wave function. Our free ICI wave function gives quite accurate upper bound of the exact energy, so that we can expect that it may also give accurate lower bound to the exact energy. When we use the inverse method, the integral ͉͗H 2 ͉͘ is necessary also for the upper bound calculation. This means that we can calculate the upper and lower bounds at the same time. 26 Among the various formulas of the lower bound, we utilized the Temple's lower bound 27 given by
where E ex is the energy of the first excited state having the same symmetry as the ground state. The calculation of E ex is also easy in the free ICI method because the excited states are obtained as the higher-energy solutions of the diagonal-ization for the ground state. Since the lower bound nature is ensured for the inverse method, the same nature is also ensured to the calculated energy of the excited state. So, the inequality E Ͻ E ex is assured. Thus, we can safely apply Temple's method even to the relativistic case.
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III. RESULS AND DISCUSSIONS
A. Nonrelativistic case
Here, we performed the free ICI calculations for solving the SE of H 2 + . The g function was chosen as the inverse of the electron-nuclear Coulomb potential written in the elliptic coordinate as
For the 1 g ground state, the initial function was the Slatertype function
where ␣ and ␣Ј are nonlinear parameters with ␣Ј= R␣. In this choice, the free ICI wave function is generated in the analytical expansion form of
where c i is the variational parameter and m i is positive or negative integer. Since the 1 g ground state has a gerade symmetry, n i should be zero or a positive even integer. A simple function, given by James
where ␥ is a variable coefficient, is regarded as a special example of our form of the exact wave function. We summarize in Table I the calculated energies for the ground state 1 g at different orders. Alpha values were optimized at each order. The convergence of the free ICI energy was quite good. Our best energy is the known best of the exact energy. The first excited state 1 u ͑ungerade͒ was also calculated, starting from the initial function of the ungerade symmetry
The free ICI wave function of the 1 u state is also expressed in the analytical expansion form given by Eq. ͑22͒, where n i should be positive odd integers. The g function was the same as for the 1 g state given by Eq. ͑21͒. The results are given in Table II . Just as for the gerade states, the convergence of the free ICI was very good and quite accurate energy was calculated. For H 2 + , the exact wave function for the nonrelativistic SE is known and given by 8 ͑,,͒ = ⌳͑͒M͑͒exp͑im͒, ͑25͒
where
m corresponds to the magnetic quantum number, and P l ͑͒ is associated Legendre function. g k and f l are the coefficients determined by the differential equations obtained from the SE by separating the variables. Note that the exact wave function is given also in the analytical expansion form as our free ICI wave function given by Eq. ͑22͒. They are two dif- 
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Ishikawa, Nakashima, and Nakatsuji J. Chem. Phys. 128, 124103 ͑2008͒ ferent expressions of the analytical expansion of the one unique exact wave function. We now want to compare the present free ICI wave function with the exact wave function. However, the exact wave function is defined in the infinite expansion form and, practically, we have to truncate this expansion, which was first introduced by Wind 9 and more elaborate and general cases were studied by Hunter et al. 10 We followed the method of Ref. 10 and determined the coefficients g k and f l of Eq. ͑26͒. Then, we compare this "truncated exact" wave function with the free ICI wave function. For this purpose, we introduce
which shows the deviation of the ICI wave function from the truncated exact one. This quantity is zero, when fICI and t.exact are identical everywhere in the coordinate space. Here, the exact series of Eq. ͑26͒ were truncated at the orders of and to be less than 23 and 14, respectively, which assures E = −1.102 634 214 494 9 a.u. The criteria for the energy accuracy and the truncation level are essentially the same as those in Ref. 10 . We show in Table III the convergence behavior of 2 . We see that as the order increases, the ICI wave function converges very rapidly to the truncated exact wave function. This is reasonable since the free ICI wave function is also guaranteed to converge to the exact wave function as the order n increases, likewise, the exact series given by Eq. ͑26͒. In other words, now, we have two different series of analytical wave functions that converge to the exact wave function. So, a question is which is more efficient? We examine it below.
First, how many basis functions are necessary for obtaining the similar accuracy? Figure 1 shows a comparison between the truncated exact method and the free ICI method to get the similar energy accuracy. The abscissa corresponds to the energy accuracy in the number of correct figures. Apparently, the convergence of the free ICI wave functions is quite efficient. To calculate the truncated exact wave function, one must iteratively solve the eigenvalue equations and estimate the and truncation error. They are not an easy task as the dimension grows. 10 form is lower than that of the free ICI wave function. However, the variational treatment of the truncated exact wave functions is quite difficult because the functions involved in the series are almost linearly dependent on each other and so, the Hamiltonian and overlap matrices must be calculated with very high accuracy. Moreover, the integrations are also difficult because of the existence of the nonlinear terms in Eq. ͑26͒. Therefore, it is not practical to perform variational calculations with the "exact" wave function series.
In conclusion, we could say that the free ICI procedure is much more efficient way of solving the nonrelativistic exact wave function of H 2 + than even the exact treatment of the SE of H 2 + .
B. Relativistic case
Next, we solved the relativistic Dirac equation of H 2 + by the free ICI method. The initial function we used for the 1 g state was given by
where j z describes the projection of the total angular momentum on the internuclear axis and is equal to 1 / 2 for symmetry. We examined two sets of g functions and the first one is the same as that given in Eq. ͑20͒. Utilizing this set of initial and g functions, the free ICI procedure generates the analytical wave function given by
Obviously, the first element of the large component has the same form as the nonrelativistic wave function and this means that the wave functions generated by the g function of Eq. ͑20͒ have the same structure as the nonrelativistic case. Table IV shows the results of II energy calculations. The II energy converges from above as the order increases and we did not encounter any variational collapse difficulty. However, the speed of the convergence was very slow. So, we next chose the g function given by 
where we added the factor unity on the right-hand side of Eq. ͑20͒. With the use of the same initial wave function as above, the free ICI method generated the analytical wave function written as
The above function includes the function given by Eq. ͑29͒ when l i = 0, and so it is more general than that of Eq. ͑29͒.
Note that the g function of Eq. ͑30͒ produces also the functions that are not square integrable, so that they have to be eliminated because the wave function must be square integrable. Table V shows the results of the II, IR, and RR energies when we use the g function of Eq. ͑30͒. It is remarkable that the energy convergence in Table V is considerably faster than that in Table IV , which shows the importance of the g function given by Eq. ͑30͒. The wave function of the form of Eq. ͑31͒ was firstly obtained by the present free ICI method. Actually, this type of functions has not been used in the previous studies of H 2 + .
Here, a remark on the numbers of the complement functions between the inverse and regular methods given in Table  V . Generally speaking, the inverse and regular methods have different dimensions because the inverse method involves
The functional form of i in the inverse method are more limited because there are some func-
However, in the present case, the denominator of Eq. ͑31͒ includes only integer indices and, therefore, the dimensions of the inverse and regular methods are the same. A reason of the accelerated convergence brought about by this new type of functions lies in the balance condition between the large and small components, which is a neces- 
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The g function of Eq. ͑30͒ is desirable for satisfying this balancing condition between the large and small components. From the large n l and small n s components of n , the ICI generates the functions cg͑ · p͒ n l into the small component of n+1 and the functions cg͑ · p͒ n s into the large component of n+1 . The factor unity in Eq. ͑30͒ assures that n+1 contains c͑ · p͒ n l in its small component and c͑ · p͒ n s in the large component. They are the kineticbalancing functions which are of zeroth order of the true balancing. However, with the g function of Eq. ͑20͒ that does not contain unity; the ICI cannot generate the zeroth order kinetic-balancing functions in the next order. This is the main reason of the very slow convergence in Table IV . Thus, it is quite significant for the relativistic calculations to contain the factor unity into the g function. The g function of Eq. ͑30͒ includes not only unity but also the first order function ͑1 / V͒ and, therefore, the higher-order exact balancing functions are automatically generated into the wave function of the next order. This is the ICI balance and is very close to the true balancing ͑atomic balance͒: 37 a difference is only that it is between neighboring order, not within the same order, which is really necessary. This is one of the most beneficial points of the present free ICI method for solving the relativistic DE.
In Table V , all the energies ͑II, IR, and RR͒ show good convergence. The II method is safer than the others since the upper bound nature of the energy is guaranteed. The II energy, however, seems to be less rapidly convergent than the IR and RR energies. The IR and RR energies at n =12 and M = 2774 are −1 . 102 641 581 033 50 a.u. and −1 . 102 641 581 033 598 1 a.u., respectively. In comparison with the best energy of −1 . 102 641 581 033 8 a.u. in the literature obtained with the finite element method, these energies show very good agreement with each other except for the final digit of 10 −13 ͑note we used the same c = 137.035 989 5 for all͒. The converged value of the RR energy showed the same value to the digit of 10 −14 , −1 . 102 641 581 033 59 a.u. from n =9 to n = 12, which indicates that the correct energy of the relativistic H 2 + with c = 137.035 989 5 is −1 . 102 641 581 033 60 a.u. and the energy from the finite element method might be slightly overshooting at the 10 −13 digit. We must note that the IR and RR energies overshoot the true energy ͑as shown by bold italic͒ at the earlier stage of free ICI because the balancing between the neighboring order is particularly insufficient in the earlier stages. The overshooting is seen for the IR energies of n = 0 and 1 and for the RR energies of n = 0 to 5. As the order n increases, almost variational results are achieved. The IR energy is slightly more stable and safer than the RR energy because the wave function was determined in the constrained variational space by the inverse method. In the RR case, its energy steadily converges to the exact one as the order increases, since the exact balancing is almost attained by the ICI balance at higher orders.
Further, we must note in the table that the convergence becomes slow in the higher-order steps of the calculations. We think that the reason lies in the limited description of the mild singularity with the present g and initial functions. The exact solution of the DE should have a mild ͑noninteger close to zero͒ singularity at the position of the nucleus. Our wave function of Eq. ͑31͒ has the denominator ͑ 2 − 2 ͒ l i ͑l i ജ 0: integer͒, which causes a singular behavior of the wave function at the position of the nucleus. However, since l i is integer, it may be difficult to describe effectively the noninteger mild singularity. Previously, we introduced "mild singular" g function such as g = r 99/100 in the calculations of the relativistic hydrogen atom, obtaining good convergence. 6 However, a straightforward application of this idea to the present H 2 + molecule would cause difficult integrations. So, we postpone such calculations in the future.
Further, we applied the present method to the excited state of u symmetry. We used the g function given by Eq. ͑30͒ and, in order to represent the ungerade symmetry, the initial function is
As in the nonrelativistic calculations, just switching the symmetry of the initial function is sufficient to satisfy the symmetry of the wave function. The convergence behaviors of the II and IR energies are shown in Table VI . As in the gerade symmetry case, quite accurate relativistic energy of the 1 u state was calculated. Again, the II energy converges more slowly than the IR energy, though a overshooting of the energy was seen in the IR energy of the initial function. The excited state having the same symmetry as the ground state was calculated at the same time and the result will be shown below.
As stated above, the calculations of the energy lower bounds, in addition to the upper bounds, are important. For using the Temple's method, we also have to calculate the energy upper bound for the first excited state with the g symmetry. For this purpose, it is necessary to include in 0 the functions appropriate to the ground and first excited states. Then, the 2 g state is calculated at the same time as the ground 1 g state as the second lowest state. For this reason, we introduced the double-exponent initial function given by
where ␣ 1 and ␣ 2 correspond to the exponents of the ground and excited states, respectively. Here, we simply assumed ␣ 2 to be one-half of ␣ 1 from the analogy to the hydrogen atom where an orbital exponent is proportional to the reciprocal of its principal quantum number. Table VII shows the result of the lower bound calculation at each order. Clearly, the lower bound converged to the exact energy from below as contrasted with the usual variational energy ͑upper bound͒ converging from above. As the order increases, the width between the lower and upper bounds becomes narrower and narrower. Considering the fact that the lower bound corresponds to the variance of the energy, the present results indicate that a quite accurate wave function is obtained by the free ICI procedure. From the result of Table VII , we can show the absolute error of the calculated energy by the difference between the upper and lower bounds. For the order 8 result in Table VII , this is 1.97ϫ 10 −7 a.u. which is in cm −1 unit, 4.3ϫ 10 −2 cm −1 : this may be compared to the uncertainty of the recent experimental result, 2 ϫ 10 −2 cm −1 . 38 Actually, from the theoretical reason, the true value should be much closer to the calculated upper bound energy.
The energy of the 2 g state, an excited state belonging to the same symmetry as the ground state, is shown in Table  VIII . It corresponds to E ex of Eq. ͑19͒. It was calculated as the second lowest energy of the same eigenvalue problem, together with the energy of the 1 g state. The present result seems to be better than the DPT result and would be the best one so far obtained.
IV. CONCLUSION
We have already shown in the previous papers [3] [4] [5] [6] that the free ICI method provides a general method of solving not only the nonrelativistic SE but also the relativistic Dirac and Dirac-Coulomb equations in analytical expansion forms. In this paper, we have shown that the free ICI method combined with the variational principle gives very accurate analytic wave functions of H 2 + efficiently in both nonrelativistic and relativistic cases. For the nonrelativistic case, we compared two analytical expansions conversing to the exact wave function: the so-called exact wave function and the present free 
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Solving the Schrödinger and Dirac equations of hydrogen molecular ion J. Chem. Phys. 128, 124103 ͑2008͒ ICI wave function. It was shown that the free ICI method was even more efficient than solving the exact wave function of H 2 + . For the relativistic case, this study represents the first application of the free ICI method to molecule. An appropriate choice of the g function was shown important for describing the correct ICI balance between the large and small components of the neighboring ICI wave functions. By using the inverse Hamiltonian method, we could avoid the variational collapse problem and the calculated II energy was an upper bound of the ground state energy. For the ICI balance, even the variational calculations with the regular Hamiltonian were stable giving rapidly converging result. We compared the converging behaviors of the II, IR, and RR energies. The II energy was rather slow in convergence, though it always satisfied upper bound nature. The present relativistic free ICI calculations showed reasonably fast convergences for both the ground and excited states.
We have further calculated the lower bounds of the relativistic energy. The knowledge of both the upper and lower bounds of the relativistic energy showed that the present relativistic wave function and energy are very accurate with the energy error being less than 4.3ϫ 10 −2 cm −1 . Actually, the true value should be much closer to the calculated upper bound energy. Generally speaking, the lower bound calculations will become more and more important in future for both the nonrelativistic and relativistic calculations, since we cannot assure the accuracy of the calculated results if the system includes more than five electrons, since there are no highly accurate calculations for the solutions of the SE equation for such systems. For the relativistic case, the calculations of both upper and lower bounds give us further a clear criterion on the occurrence of the variational collapse problem.
Thus, we have shown that the free ICI methodology can give quite accurate solutions for both the Schrödinger equation and the Dirac equation of H 2 + molecule. In principle, this method can be applicable to any systems if the Hamiltonian is well defined in an analytical form. When analytical integrations over the free ICI complement functions are possible, the wave functions and energies are calculated by the variational method, and if such integrations are impossible, they are calculated by the local Schrödinger equation method developed in our laboratory, 39 both in high accuracy. 
· ͑A4͒
Relativistic case
In this paper, both the nonrelativistic case and the relativistic case are written by the elliptic coordinate with , for clarity. However, in the relativistic case, it is convenient to use the transformed elliptic coordinate defined by = cosh͑s͒, = cos͑t͒. ͑A5͒
We performed actual calculations in this transformed coordinate. The momentum operators are written as
